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We study effects of kinetic helicity fluctuations in a turbulence with large-scale shear using two
different approaches: the spectral tau-approximation and the second order correlation approximation
(or first-order smoothing approximation). These two approaches demonstrate that homogeneous
kinetic helicity fluctuations alone with zero mean value in a sheared homogeneous turbulence cannot
cause large-scale dynamo. Mean-field dynamo can be possible when kinetic helicity fluctuations are
inhomogeneous which cause a nonzero mean alpha effect in a sheared turbulence. On the other
hand, shear-current effect can generate large-scale magnetic field even in a homogeneous nonhelical
turbulence with large-scale shear. This effect was investigated previously for large hydrodynamic
and magnetic Reynolds numbers. In this study we examine the threshold required for the shear-
current dynamo versus Reynolds number. We demonstrate that there is no need for a developed
inertial range in order to maintain the shear-current dynamo (e.g., the threshold in the Reynolds
number is of the order of 1).
PACS numbers: 47.65.Md
I. INTRODUCTION
It has been widely recognized that astrophysical large-
scale magnetic fields originate due to the mean-field dy-
namo (see, e.g., [1, 2, 3, 4, 5, 6, 7]). Such dynamo can
be driven by the joint action of the mean kinetic he-
licity of turbulence and large-scale differential rotation.
On the other hand, recently performed numerical exper-
iments [8, 9, 10] have demonstrated existence of a non-
helical large-scale dynamo in a turbulence with a large-
scale shear whereby mean α effect vanishes. Note that a
sheared turbulence is a universal feature in astrophysical
[6, 7, 11] and laboratory [12] flows.
One of the possible mechanism of the nonhelical large-
scale dynamo in a homogeneous sheared turbulence is
a shear-current effect that has been extensively studied
during recent years (see [13, 14, 15, 16]). In particu-
lar, the deformations of the original nonuniform magnetic
field lines are caused by upward and downward turbulent
eddies. In a sheared turbulence the inhomogeneity of the
original mean magnetic field breaks a symmetry between
the influence of the upward and downward turbulent ed-
dies on the mean magnetic field. This creates the mean
electric current along the mean magnetic field and re-
sults in the nonhelical shear-current dynamo. Indeed, the
large-scale velocity shear creates anisotropy of turbulence
that produces a contribution to the electromotive force,
W×J, caused by the shear, where W is the background
large-scale vorticity due to the shear and J is the large-
scale electric current. Joint effects of the electromotive
force W×J and stretching of the mean magnetic field
due to the large-scale shear motions cause the mean-field
dynamo instability. Note also that the numerical experi-
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ment with Taylor-Green forcing [17] seems to be another
example of a mean-field dynamo produced by a combined
effect of a nonhelical turbulence and a complicated large-
scale flow.
Other effect that might explain the nonhelical large-
scale dynamo is related to kinetic helicity fluctuations
in a sheared turbulence. A problem associated with dy-
namics of large-scale magnetic field in the presence of ki-
netic helicity fluctuations in a shear-free turbulence has
been formulated for the first time by Kraichnan [18] (see
also [1]). In particular, he assumed that in small scales
lν ≪ lturb ≪ l0 (and τν ≪ τturb ≪ τ0) there is a small-
scale turbulence generated by forcing F(u). On the other
hand, in the scales l0 ≪ l≪ lχ (and τ0 ≪ τ ≪ τχ) there
are kinetic helicity fluctuations (or α˜ fluctuations) with
a zero mean generated by forcing F(χ). The mean-field
effects occur at large scales L≫ lχ (and times τL ≫ τχ),
where the large-scale helicity is zero. The large-scale
quantities are determined by double averaging over ve-
locity fluctuations and over kinetic helicity fluctuations.
It was found in [18] (see also [1]) that kinetic helicity
fluctuations in a shear-free turbulence cause both, a re-
duction of turbulent magnetic diffusion and a large-scale
drift velocity, V(α) ∝∇〈α˜2〉, of the mean magnetic field.
In recent time the dynamo problem related to kinetic
helicity fluctuations has been extensively studied. In par-
ticular, various mathematical aspects of this problem has
been discussed in [19] (see also [20]). Some numerical ex-
periments which examine effects of kinetic helicity fluc-
tuations have been performed in [10, 21]. In particular,
numerical simulations of the magnetic field evolution in
accretion discs in [21] have demonstrated that kinetic he-
licity fluctuations with a zero mean can result in genera-
tion of large-scale magnetic field.
It has been pointed out in [22] that inhomogeneous
kinetic helicity fluctuations in a sheared turbulence can
produce a mean-field dynamo. In particular, a joint ac-
tion of a large-scale shear and a nonzero mean alpha ef-
2fect caused by the inhomogeneous kinetic helicity fluctu-
ations can result in generation of a large-scale magnetic
field, where the mean alpha effect in a sheared turbu-
lence is proportional to ∇〈α˜2〉. This mean-field dynamo
is similar to the αΩ-dynamo. On the other hand, it has
been suggested in [23] using phenomenological arguments
that homogeneous kinetic helicity fluctuations in a homo-
geneous turbulence with shear may generate a large-scale
magnetic field.
The main goal of this study is to examine a possibility
for a nonhelical large-scale dynamo associated with ho-
mogeneous kinetic helicity fluctuations with a zero mean
in a homogeneous turbulence with a large-scale shear.
In a study of a sheared turbulence we use two differ-
ent approaches, namely, the spectral tau-approximation
[14] and second order correlation approximation (SOCA,
sometimes refers in astrophysical literature as first-order
smoothing approximation (FOSA), see, e.g., [24, 25]).
We also investigate dynamo effects associated with in-
homogeneous kinetic helicity fluctuations in a sheared
homogeneous turbulence.
This paper is organized as follows. In Sec. II we formu-
late the governing equations and outline the procedure of
derivation based on the τ -approach, that allows us to de-
termine a contribution to the mean electromotive force
caused by a combined action of the sheared turbulence
and the kinetic helicity fluctuations. In Sec. III we study
the effects of kinetic helicity fluctuations in a sheared tur-
bulence using the τ -approach. In Sec. IV we investigate
similar effects using the SOCA-approach. In Sec. V we
discuss the threshold required for the shear-current dy-
namo versus Reynolds number. In Sec. VI we draw con-
cluding remarks. Finally, the detailed derivations of the
effects of kinetic helicity fluctuations in a sheared turbu-
lence using the τ -approach and the SOCA-approach have
been performed in Appendixes A and B, respectively.
II. GOVERNING EQUATIONS AND THE
τ -APPROACH
In order to study mean-field dynamo in a turbulence
with kinetic helicity fluctuations and large-scale shear we
use a procedure which is similar to that applied in [14] for
an investigation of a sheared turbulence. In particular,
we use the following equations for fluctuations of velocity,
u, and magnetic field, b, in order to determine the effect
of shear on a turbulence:
∂u
∂t
= −(U·∇)u− (u·∇)U−∇
(
p
ρ
)
+
1
ρ
[
(b·∇)B
+(B·∇)b] + ν∆u+ uN + F(u) + F(χ) , (1)
∂b
∂t
= (B·∇)u− (u·∇)B+ (b·∇)U− (U·∇)b
+η∆b+ bN . (2)
The velocity field is assumed to be incompressible. Here
B = 〈b′〉, b′ = b+B is total magnetic field, the angular
brackets 〈...〉 denote averaging over ensemble of turbulent
velocity field, the velocity U = 〈u′〉 = U(S) +V includes
an imposed large-scale sheared velocity U(S), u′ = u+U
is total velocity field, ν is the kinematic viscosity, η is the
magnetic diffusion due to electrical conductivity of the
fluid, ρ is the fluid density, p are the fluctuations of to-
tal (hydrodynamic and magnetic) pressure, the magnetic
permeability of the fluid is included in the definition of
the magnetic field, vN and bN are the nonlinear terms,
F(u) and F(χ) are the stirring forces for velocity and ki-
netic helicity fluctuations, respectively.
Using Eqs. (1) and (2) written in a Fourier space we
derive equations for the instantaneous two-point second-
order correlation functions of the velocity fluctuations
〈ui uj〉, the magnetic fluctuations 〈bi bj〉, and the cross-
helicity tensor 〈bi uj〉. The equations for these correla-
tion functions are given by Eqs. (A2)-(A4) in Appendix
A. We split the tensor of magnetic fluctuations into non-
helical, hij = 〈bi bj〉, and helical, h(H)ij , parts. The he-
lical part h
(H)
ij depends on the magnetic helicity, and it
is determined by the dynamic equation that follows from
the magnetic helicity conservation arguments (see, e.g.,
[26, 27, 28, 29, 30, 31, 32, 33], and a review [7]).
The second-moment equations include the first-order
spatial differential operators Nˆ applied to the third-
order moments M (III). A problem arises how to close
the system, i.e., how to express the set of the third-
order terms NˆM (III) through the lower moments M (II)
(see, e.g., [34, 35, 36]). We use the spectral τ -closure-
approximation which postulates that the deviations of
the third-moment terms, NˆM (III)(k), from the contri-
butions to these terms afforded by the background tur-
bulence, NˆM (III,0)(k), are expressed through the similar
deviations of the second moments,M (II)(k)−M (II,0)(k):
NˆM (III)(k) − NˆM (III,0)(k)
= − 1
τr(k)
[
M (II)(k) −M (II,0)(k)
]
,(3)
(see [14, 36, 37, 38, 39]), where τr(k) is the scale-
dependent relaxation time, which can be identified with
the correlation time of the turbulent velocity field for
large hydrodynamic and magnetic Reynolds numbers.
The quantities with the superscript (0) correspond to
the background shear-free turbulence with a zero mean
magnetic field. We apply the spectral τ approxima-
tion only for the nonhelical part hij of the tensor of
magnetic fluctuations. Note that a justification of the
τ approximation for different situations has been per-
formed in numerical simulations and analytical studies
in [7, 40, 41, 42, 43, 44, 45] (see also detailed discussion
in [46], Sec. 6).
We assume that the characteristic time of variation
of the magnetic field B is substantially larger than the
correlation time τ(k) for all turbulence scales. This
allows us to get a stationary solution for the equa-
tions for the second-order moments, M (II). We split
all second-order correlation functions, M (II), into sym-
3metric h
(s)
ij = [hij(k) + hij(−k)]/2 and antisymmetric
h
(a)
ij = [hij(k) − hij(−k)]/2 parts with respect to the
wave vector k. For the integration in k-space we have
to specify a model for the background shear-free turbu-
lence. A non-helical part of the homogeneous background
turbulence is given by the following equations
〈ui uj〉(0)(k) = 〈u2〉
(
δij − kikj
k2
) E(k)
8πk2
, (4)
〈bi bj〉(0)(k) = 〈b2〉
(
δij − kikj
k2
) E(k)
8πk2
, (5)
where δij is the Kronecker tensor, the energy spec-
trum function is E(k) = k−10 (q − 1) (k/k0)−q, the
wave number k0 = 1/l0, the length l0 is the maxi-
mum scale of turbulent motions. The turbulent corre-
lation time is τ(k) = C τ0 (k/k0)
−µ, where the coeffi-
cient C(q, µ) = (q − 1 + µ)/(q − 1). This value of the
coefficient C corresponds to the standard form of the
turbulent diffusion coefficient in the isotropic case, i.e.,
η
T
=
∫
τ(k) [〈u2〉E(k)] dk = τ0 〈u2〉/3. Here the time
τ0 = l0/
√〈u2〉 and √〈u2〉 is the characteristic turbulent
velocity in the scale l0. For the Kolmogorov’s type back-
ground turbulence (i.e., for a turbulence with a constant
energy flux over the spectrum), the exponent µ = q − 1
and the coefficient C = 2. In the case of a turbulence
with a scale-independent correlation time, the exponent
µ = 0 and the coefficient C = 1.
On the other hand, a helical part of the background
turbulent velocity field is given by the following equation:
〈ui uj〉(0,χ)(k) = i χvεjin kn Eχ(k)
8πk4
, (6)
where εijk is the fully antisymmetric Levi-Civita tensor,
χv = 〈u·(∇ × u)〉 is the kinetic helicity, the spectrum
function is Eχ(k) = k
−1
0 Cχ (k/k0)
−q and Cχ = q − 1
for large hydrodynamic Reynolds numbers. In the scales
l0 ≪ l ≪ lχ there are fluctuations of kinetic helicity χv
(see Sec. 3).
Using the solution of the derived second-moment equa-
tions, we determine the contributions to the electromo-
tive force, E(S,α)i = εimn
∫ 〈bn um〉(S,α)k dk, caused by a
combined action of the sheared turbulence and the ki-
netic helicity fluctuations (see Appendix A).
III. EFFECTS OF KINETIC HELICITY
FLUCTUATIONS IN A SHEARED
TURBULENCE: τ -APPROACH
The procedure described in Sec. II allows us to de-
termine the contributions to the electromotive force (in
particular, to the αˆ tensor) caused by a combined action
of the sheared turbulence and the kinetic helicity fluctua-
tions (for details see Appendix A). This procedure yields
the equation for the evolution of the magnetic field B:
∂B
∂t
=∇×
(
αˆB+U(S)×B− η
T
J
)
+BN , (7)
where η
T
is the turbulent magnetic diffusion coefficient,
J = ∇×B is the electric current, BN are the nonlinear
terms, U(S) is the imposed background sheared velocity
and we assume for simplicity that V = 0. Here the total
αˆ tensor is given by
αij = α˜ δij + α
(S,α)
ij , (8)
where α˜ δij determines a contribution to the total αˆ ten-
sor caused by a shear-free turbulence, while α
(S,α)
ij de-
scribes a contribution to the αˆ tensor caused by a com-
bined action of the sheared turbulence and the kinetic
helicity fluctuations. The tensor α
(S,α)
ij reads
α
(S,α)
ij = −α˜ τ0
[
C1 (∂U)
(S)
ij + C2 εijnW
(S)
n
]
, (9)
where (∂U)
(S)
ij = (∇iU (S)j + ∇jU (S)i )/2, W(S) =
∇×U(S), the coefficients C1 = (3I/5) (3−2µ), C2 = I/2,
and the parameter I is given by
I = τ−20
∫
τ2(k)E(k) dk =
(q − 1 + µ)2
(q − 1 + 2µ) (q − 1) . (10)
For the Kolmogorov’s type background turbulence (i.e.,
for a turbulence with a constant energy flux over the
spectrum), the exponent µ = q − 1 and the coefficients
C1 = (4/5) (3 − 2µ), C2 = 2/3. The tensor α(S,α)ij has
been derived in Appendix A.
Using Eq. (7) we derive equation for the correlation
function 〈αijBp〉(α):
∂
∂t
〈αijBp〉(α) = εpmn
[
(∇mB¯k) 〈αijαnk〉(α)
+ B¯k 〈αij∇mαnk〉(α)
]
+ 〈αijBn〉(α)∇nU (S)p
+ Nˆ 〈αijBp〉(α) , (11)
where B¯ = 〈B〉(α), the brackets 〈...〉(α) denote an av-
eraging over random α˜ fluctuations, J¯ = ∇×B¯ and
Nˆ 〈αijBp〉(α) determines the third-order moments caused
by the nonlinear terms, which include also the turbulent
diffusion term. In Eq. (11) we use the spectral τ approx-
imation (3), whereby the relaxation time is of the order
of the time τχ. We also take into account that the char-
acteristic time of variation of the mean magnetic field B¯
is substantially larger than the relaxation time τχ. Then
the steady state solution of Eq. (11) allows us to deter-
mine the correlation function 〈αijBj〉(α), that is given by
Eq. (A6) in Appendix A.
Now let us consider for simplicity a linear mean ve-
locity shear U(S) = (0, Sx, 0) and W(S) = (0, 0, S) with
S τ0 ≪ 1. We also consider the mean magnetic field B¯
in a most simple form B¯ = (B¯x(z), B¯y(z), 0). Therefore,
the correlation function 〈αyjBj〉(α) is given by
〈αyjBj〉(α) = 1
2
τχ
[
S
(
τχ + 2C2 τ0
) [
2J¯x − (B¯×∇)x
]
+2J¯y − (B¯×∇)y
]
〈α˜2〉(α) , (12)
where we used Eq. (A6) given in Appendix A.
4A. Inhomogeneous kinetic helicity fluctuations
Let us first analyze inhomogeneous kinetic helicity fluc-
tuations. The last term in Eq. (12) describes a large-scale
drift velocity of the mean magnetic field:
V(α) =
τχ
2
∇〈α˜2〉(α) , (13)
where τχ = l
2
χ/ηT . The third term in Eq. (12) deter-
mines a negative contribution to the turbulent magnetic
diffusion of the mean magnetic field:
η(α)
T
= −τχ 〈α˜2〉(α) . (14)
Note that the total turbulent magnetic diffusion coeffi-
cient, η
T
+ η(α)
T
, should be positive. The reduction of the
turbulent magnetic diffusion and the large-scale drift ve-
locity, V(α) ∝∇〈α˜2〉, of the mean magnetic field caused
by kinetic helicity fluctuations have been obtained pre-
viously in [18] (see also [1]) using the SOCA approach.
The second term in Eq. (12) describes a mean α effect:
α¯(S,α) = −τχ S
2
(
τχ + 2C2 τ0
)∇z〈α˜2〉(α) , (15)
caused by a combined action of a large-scale shear and
inhomogeneous kinetic helicity fluctuations. This effect
can result in a mean-field dynamo (see [22]) that acts
as the αΩ-dynamo. The first term in Eq. (12), that is
proportional to J¯x, contributes to the coefficient σα de-
termined by Eq. (20) below.
B. Homogeneous kinetic helicity fluctuations
Now let us consider homogeneous kinetic helicity fluc-
tuations (∇〈α˜2〉(α) = 0) when the mean α effect van-
ishes. The total contribution to the mean electromotive
force caused by the sheared turbulence and the kinetic
helicity fluctuations is E(S,α)i = 〈αijBj〉(α) + b(S)ijk ∇k B¯j .
Here the tensor b
(S)
ijk determines the shear-current effect
and is given by
b
(S)
ijk = l
2
0 [C3 εikn (∂U)
(S)
nj + C4 δij W
(S)
k ] , (16)
(see [14]), where C3 = I [1− 2µ+ ǫ (9 + 10µ)]/30, C4 =
I [3−2µ−ǫ (5+2µ)]/60, the parameter ǫ = Em/Ev, Em
and Ev are the magnetic and kinetic energies per unit
mass in the background turbulence, and I is determined
by Eq. (10). Magnetic fluctuations in the background
turbulence are caused by a small-scale dynamo (see, e.g.,
[47, 48, 49]).
The y-component of the mean electromotive force
caused by the sheared turbulence and the kinetic helicity
fluctuations reads
E(S,α)y = l20 S (∇zB¯y)σS − η(α)T J¯y , (17)
where
σ
S
= σ
B
− τ
2
χ
τ20
〈α˜2〉(α)
u20
σα , (18)
σ
B
=
1
2
C3 + C4 =
I
15
[1− µ+ ǫ (1 + 2µ)] , (19)
σα = 1 + 2C2
τ0
τχ
= 1 +
4 τ0
3 τχ
,
(20)
and u0 = l0/τ0. The parameter σB describes the shear-
current effect, while the parameter σα determines the
combined effect of the kinetic helicity fluctuations and
the sheared turbulence. Equation (19) for the parameter
σ
B
has been derived in [14] for the case of large hydro-
dynamic and magnetic Reynolds numbers. In Sec. V we
determine the parameter σ
B
for the case when hydrody-
namic and magnetic Reynolds numbers are not large.
C. Mean-field dynamo
The equation for the evolution of the mean magnetic
field, B¯ = (B¯x(z), B¯y(z), 0), reads
∂B¯x
∂t
= −σ
S
S l20 B¯
′′
y + η˜T B¯
′′
x , (21)
∂B¯y
∂t
= S B¯x + η˜T B¯
′′
y , (22)
where η˜
T
= η
T
+ η(α)
T
and B¯′′i = ∂
2B¯i/∂z
2. Here we
neglect small contributions to the coefficient of turbulent
magnetic diffusion caused by the shear motions because
Sτ0 ≪ 1. The solution of equations (21) and (22) we seek
for in the form∝ exp(γ
S
t+iKz z), where the growth rate,
γ
S
, of the mean magnetic field is given by
γ
S
= S l0
√
σ
S
Kz − η˜T K2z . (23)
The necessary condition for the magnetic dynamo insta-
bility is σ
S
> 0. The parameter σα > 0 (see Eqs. (18)
and (20)). This implies that homogeneous kinetic he-
licity fluctuations in a homogeneous turbulence with
shear cause a negative contribution to the parameter
σ
S
. Therefore, homogeneous kinetic helicity fluctuations
in a sheared turbulence act against mean-field dynamo
(see Eqs. (18) and (23)), while the shear-current effect
may cause the generation of the large-scale magnetic field
when the parameter σ
B
> 0 (see also Sec. V).
Note that two effects determined by the parameters
σ
B
and σα, can be interpreted as the off-diagonal terms
in the tensor of turbulent magnetic diffusion. The ki-
netic helicity fluctuations cause a negative contribution
to the diagonal components ∝ η(α)
T
of turbulent magnetic
diffusion of the mean magnetic field (see Eq. (14)). On
the other hand, the kinetic helicity fluctuations also re-
sults in a negative contribution to the off-diagonal term
∝ σ
S
∝ −σα in the tensor of turbulent magnetic diffu-
sion.
5In order to determine the threshold required for the
excitation of the mean-field dynamo instability, we con-
sider the solution of Eqs. (21) and (22) with the following
boundary conditions: B¯(t, |z| = L) = 0 for a layer of the
thickness 2L in the z direction. The solution for the mean
magnetic field is determined by
B¯y(t, z) = B0 exp(γS t) cos(Kz z + ϕ) , (24)
B¯x(t, z) = l0Kz
√
σ
S
By(t, z) . (25)
For the symmetric mode the angle ϕ = π n and the
large-scale wave number Kz = (π/2)(2m+1)L
−1, where
n,m = 0, 1, 2, ... . For this mode the mean magnetic
field is symmetric relative to the middle plane z = 0.
Let us introduce the dynamo number D = (l0 S∗/L)
2 σ
S
,
where parameter S∗ = S L
2/η˜
T
is the dimensionless shear
number. For the symmetric mode the mean magnetic
field is generated due to the shear-current effect when
the dynamo number D > Dcr = (π
2/4)(2m + 1)2. For
the antisymmetric mode the angle ϕ = (π/2) (2n + 1)
with n = 0, 1, 2, ..., the wave number Kz = πmL
−1
and the magnetic field is generated when the dynamo
number D > Dcr = π
2m2, where m = 1, 2, 3, ... .
The maximum growth rate of the mean magnetic field,
γmax = S
2 l20 σS/4η˜T , is attained at Kz = S l0
√
σ
S
/2η˜
T
.
Therefore, the characteristic scale of the mean magnetic
field variations LB = 2π/Kz = 4 u0/(S
√
σ
S
).
IV. EFFECTS OF KINETIC HELICITY
FLUCTUATIONS IN A SHEARED
TURBULENCE: THE SOCA-APPROACH
Now we study the effects of kinetic helicity fluctuations
in a sheared turbulence using a second order correlation
approximation (SOCA). This approximation is valid only
for small hydrodynamic Reynolds numbers. Even in a
highly conductivity limit (large magnetic Reynolds num-
bers), SOCA can be valid only for small Strouhal num-
bers (i.e., for very short correlation time).
The procedure of the derivation of the electromotive
force in a homogeneous turbulence with shear and kinetic
helicity fluctuations is as follows (for details see Appendix
B). We use Eqs. (1) and (2) for fluctuations of velocity
and magnetic fields, exclude the pressure term from the
equation of motion (1) by calculation ∇×(∇×u). We
rewrite the obtained equation and Eq. (2) in a Fourier
space and apply the two-scale approach (i.e., we use
large-scale and small-scale variables). We neglect nonlin-
ear terms but keep molecular dissipative terms in Eqs. (1)
and (2) for fluctuations of velocity and magnetic fields.
We seek for a solution for fluctuations of velocity and
magnetic fields as an expansion for weak velocity shear.
This procedure allows us to determine the contribu-
tions to the electromotive force caused by a combined
action of the sheared turbulence and the kinetic helicity
fluctuations. In particular, the tensor α
(S,α)
ij caused by
the kinetic helicity fluctuations in a sheared turbulence
is given by
α
(S,α)
ij = −α˜ τ0
[
C˜1 (∂U)
(S)
ij + C˜2 εijnW
(S)
n
]
, (26)
(for details see Appendix B), where the coefficients C˜1
and C˜2 are
C˜1 = −C∗
10
(11Re + 3Rm) , C˜2 =
C∗
8
(Rm− 2Re) ,
(27)
C∗ =
q + 1
q + 3
[
1− (l∗/l0)q+3
1− (l∗/l0)q+1
]
, (28)
and Re = u0 l0/ν is the hydrodynamic Reynolds number,
Rm = u0 l0/η is the magnetic Reynolds number. Here we
take into account that
α˜ij ≡ i εinm
∫
kj Gη f
(0,χ)
mn dk dω = α˜ δij , (29)
where
α˜ = −C0
3
τ0 χ
v Rm , (30)
C0 =
C˜χ
q + 1
[
1−
( l∗
l0
)q+1]
,
the function Gη(k, ω) = (ηk
2 − iω)−1 and f (0,χ)ij (k, ω) ≡
〈ui uj〉(0,χ)(k, ω) = −i χv εijn kn E˜χ(k, ω)/(8πk4). To in-
tegrate in k and ω space we used the following model for
the spectrum function E˜χ(k, ω) = C˜χ k
−1
0 (k/k0)
−q δ(ω),
where C˜χ = (q−1)
[
1−(l∗/l0)q−1]−1 and the wave num-
ber k varies in the interval from l−10 to l
−1
∗ . Since SOCA
is valid for small hydrodynamic Reynolds numbers the
scale l∗ is not related to Kolmogorov (viscous) scale lν .
In the scales l0 ≪ l ≪ lχ there are fluctuations of ki-
netic helicity χv (or fluctuations of α˜). In order to deter-
mine the correlation function 〈αijBp〉(α) we use Eq. (7) in
which η
T
is replaced by η + η
T
and we neglect the non-
linear terms. Solving this equation in a Fourier space
we determine the magnetic field Bi(K˜,Ω), where the
wave vector K˜ and the frequency Ω are in the spatial
scales l0 ≪ l ≪ lχ and the time scales τ0 ≪ τ ≪ τχ.
Multiplying the magnetic field Bj(K˜,Ω) by the tensor
αij = α˜ δij + α
(S,α)
ij and averaging over kinetic helic-
ity fluctuations we determine the correlation function
〈αijBj〉(α). It is given by Eq. (B9) in Appendix B.
Now we consider a linear mean velocity shear U(S) =
(0, Sx, 0) and assume that the mean magnetic field B¯
has the form B¯ = (B¯x(z), B¯y(z), 0). Therefore, Eq. (B9)
yields the correlation function 〈αyjBj〉(α):
〈αyjBj〉(α) = 1
2
∫
GT
[
S
(
GT + 2C˜2 τ0
) [
2J¯x
−(B¯×∇)x
]
+ 2J¯y − (B¯×∇)y
]
〈α˜2〉(α)
K˜
dK˜ dΩ ,
(31)
where GT (K˜,Ω) = [(η + ηT )K˜
2 − iΩ]−1.
6A. Homogeneous kinetic helicity fluctuations
Let us consider homogeneous kinetic helicity fluctua-
tions. The y-component of the mean electromotive force
caused by the sheared turbulence and the kinetic helic-
ity fluctuations is given by Eq. (17), the parameter σ
S
is
determined by Eq. (18) whereby the time τχ is replaced
by the time τ˜χ = l
2
χ/(η + ηT ), and the parameter σα is
given by
σα =
1
τ˜2χ 〈α˜2〉(α)
∫
GT
(
GT + 2C˜2 τ0
) 〈α˜2〉(α)
K˜
dK˜ dΩ
=
q˜ − 1
q˜ + 3
+
C∗ C˜0
4
( τ0
τ˜χ
)
(Rm− 2Re) . (32)
Here the coefficient C˜0 = (q˜ − 1)/(q˜ + 1), the function
〈α˜2〉(α)
K˜
= 〈α˜2〉(α) E˜χ(K˜,Ω) and we use the following
model for the spectrum function E˜χ(K˜,Ω) = k
−1
χ (q˜ −
1) (K˜/kχ)
−q˜ δ(Ω), where the wave number kχ = 1/lχ and
we take into account that l0 ≪ lχ.
As follows from Eq. (32), the parameter σα > 0. This
implies that homogeneous kinetic helicity fluctuations in
a homogeneous turbulence with shear act against mean-
field dynamo (see Eqs. (18) and (23)). For small hydrody-
namic and magnetic Reynolds numbers (i.e., for the range
of validity of SOCA) the parameter σ
B
is negative and
the shear-current effect cannot generate the large-scale
magnetic field (see [24, 25]). This result is in agreement
with [14] (see also Sec. V).
B. Inhomogeneous kinetic helicity fluctuations
Now let us consider inhomogeneous kinetic helicity
fluctuations. The last term in Eq. (31) determines a
large-scale drift velocity of the mean magnetic field:
V(α) =
1
2
∇
∫
GT 〈α˜2〉(α)K˜ dK˜ dΩ =
C˜0
2
τ˜χ∇〈α˜2〉(α) ,
(33)
and the third term in Eq. (31) describes a negative con-
tribution to the turbulent magnetic diffusion of the mean
magnetic field [18] (see also [1]):
η(α)
T
= −
∫
GT 〈α˜2〉(α)K˜ dK˜ dΩ = −C˜0 τ˜χ 〈α˜
2〉(α) . (34)
The second term in Eq. (31) determines the mean α effect
caused by a combined action of a large-scale shear and
inhomogeneous kinetic helicity fluctuations:
α¯(S,α) = −S
2
∇z
∫
GT
(
GT + 2C˜2 τ0
) 〈α˜2〉(α)
K˜
dK˜ dΩ
= −σα
τ˜2χ S
2
∇z〈α˜2〉(α) . (35)
The first term in Eq. (31) that is proportional to J¯x,
contributes to the coefficient σα determined by Eq. (32).
Therefore, both approaches (the spectral tau-
approximation and SOCA) demonstrate that homoge-
neous kinetic helicity fluctuations alone with zero mean
value in a sheared homogeneous turbulence cannot cause
large-scale dynamo. On the other hand, inhomogeneous
kinetic helicity fluctuations can generate large-scale mag-
netic field in a sheared turbulence.
V. THRESHOLD FOR SHEAR-CURRENT
DYNAMO VERSUS REYNOLDS NUMBER
In Sections III and IV we have shown that homoge-
neous kinetic helicity fluctuations with zero mean in a
sheared turbulence act against mean-field dynamo. On
the other hand, shear-current effect can generate large-
scale magnetic field even in a homogeneous nonhelical
turbulence with large-scale shear. The shear-current dy-
namo has been studied in [13, 14, 15, 16] for large hydro-
dynamic and magnetic Reynolds numbers. In this Sec-
tion we demonstrate that hydrodynamic and magnetic
Reynolds numbers can be not large in order to main-
tain the shear-current dynamo. To this end we examine
the threshold required for the generation of a large-scale
magnetic field by the shear-current dynamo.
Let us neglect the effect of kinetic helicity fluctua-
tions discussed in previous sections (i.e., consider the case
when 〈α˜2〉(α) ≪ u20). A general form of the parameter
σ
B
entering in Eqs. (18) and (21) and defining the shear-
current effect is given by
σ
B
=
1
15τ20
∫ (
1 +
k (dτr/dk)
τr(k)
)
τ2r (k)E(k) dk . (36)
Equation (36) has been derived in [15] using the τ ap-
proach. Here E(k) is the energy spectrum function, τr(k)
is the relaxation time of the cross-helicity tensor that de-
termines the mean electromotive force. For large hydro-
dynamic and magnetic Reynolds numbers the relaxation
time τr(k) of the cross-helicity tensor is of the order of
the correlation time of turbulent velocity field τ(k). For
simplicity we consider the case ǫ = 0.
A. Developed turbulence at low magnetic Prandtl
numbers
Let us first consider a developed turbulence at low
magnetic Prandtl numbers. In this case the relaxation
time τr(k) of the cross-helicity tensor which takes into
account the magnetic diffusion η due to electrical con-
ductivity of the fluid, is determined by equation:
τ−1r (k) = η k
2 + (C τ0)
−1
( k
k0
)µ
, (37)
where we take into account that ν ≪ η. For exam-
ple, the Kolmogorov scaling corresponds to µ = 2/3,
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FIG. 1: The coefficient σ
B
defining the shear-current effect
versus the magnetic Reynolds number Rm for very large hy-
drodynamic Reynolds numbers. The dashed-dotted horizon-
tal line σ
B
= 4/135 corresponds to the case of large magnetic
Reynolds numbers.
i.e., τr(k) ∝ k−2/3 (large hydrodynamic and magnetic
Reynolds numbers), while for small magnetic Reynolds
numbers, the time τr(k) ∝ 1/(ηk2), i.e., τr(k) ∝ k−2.
Using Eqs. (36) and (37) we determine the parameter
σ
B
defining the shear-current effect versus the magnetic
Reynolds number:
σ
B
=
16
135
[
1 +
15 π√
2Rm3/2
(
1− 2
π
arctan
√
2/Rm
)
− 6
Rm
(
2 +
1
2 + Rm
)
− 3
4
( Rm
2 + Rm
)2]
. (38)
The asymptotic formulas for the parameter σ
B
are as
follows. When Rm≪ 1 the parameter σ
B
reads
σ
B
= − 2
105
Rm2 .
This implies that there is no shear-current dynamo for
Rm ≪ 1 in a developed turbulence at low magnetic
Prandtl numbers. When Re ≫ Rm ≫ 1 the parame-
ter σ
B
is
σ
B
=
4
135
(
1− 36
Rm
)
.
The coefficient σ
B
defining the shear-current effect ver-
sus the magnetic Reynolds number is shown in Fig. 1.
This figure demonstrates that in a developed turbulence
at low magnetic Prandtl numbers the threshold in the
magnetic Reynolds number Rmcr required for the shear-
current dynamo is Rmcr ≈ 10.
B. A random flow with a scale-independent
correlation time
Let us consider a random flow with a scale-independent
correlation time. In this case the exponent µ = 0, the
coefficient C = 1 and the relaxation time τr(k) of the
cross-helicity tensor which takes into account kinematic
viscosity ν and the magnetic diffusion η due to electrical
conductivity of the fluid, is determined by equation:
τ−1r (k) = (ν + η) k
2 + τ−10 . (39)
In this case the turbulent energy spectrum function is
E(k) = k−10 (q − 1)
[
1− Re(1−q)/2
]−1( k
k0
)−q
. (40)
Note that in a random flow with a scale-independent
correlation time the viscous scale is lν = l0/
√
Re, while
the viscous scale of the Kolmogorov turbulence is lν =
l0/Re
3/4. Here the hydrodynamic Reynolds number
Re > 1.
When the exponent q = 0, the parameter σ
B
defining
the shear-current effect reads
σ
B
=
1
60 (
√
Re− 1)
[√
Re (3 + aRe)
(1 + aRe)2
− 3 + a
(1 + a)2
+
1√
a
(
arctan
√
aRe− arctan√a
)]
, (41)
where a = Rm−1 + Re−1. The asymptotic formulas for
the parameter σ
B
are as follows. When Rm ≪ 1 and
Prm ≪ 1, the parameter σB is
σ
B
= − Rm
2
30Re3/2
(
Re +
√
Re + 1
)
,
where Prm = ν/η is the magnetic Prandtl number. For
Rm ≫ Re ≫ 1 the parameter σ
B
≈ 1/38, while for
Re≫ Rm≫ 1 the parameter σ
B
≈ 1/34.
When q = 2 the parameter σ
B
defining the shear-
current effect reads
σ
B
=
1
15 (
√
Re− 1)
{√
Re
[
1 +
a (7 + 5 a)
4 (1 + a)2
+
9
√
a
4
(
arctan
√
a− arctan
√
aRe
)]
−aRe (7 + 5 aRe)
4 (1 + aRe)2
− 1
}
. (42)
When Rm≪ 1 and Prm ≪ 1, the parameter σB is
σ
B
= − 3
20 (
√
Re− 1) ,
while for Rm ≫ Re ≫ 1 the parameter σ
B
≈ 1/15. For
Re≫ Rm≫ 1 the parameter σ
B
is
σ
B
=
1
15
[
1− 9 π
√
Re
8Rm
]
.
The coefficient σ
B
defining the shear-current effect versus
the magnetic Reynolds number for a random flow with a
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FIG. 2: The coefficient σ
B
defining the shear-current effect
versus the magnetic Reynolds number Rm for a random flow
with a scale-independent correlation time and q = 0. The
different curves corresponds to the following values of the hy-
drodynamic Reynolds numbers Re: Re = 10 (solid); Re = 6
(dotted); Re = 3 (dashed); Re = 1.5 (dashed-dotted).
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FIG. 3: The threshold in the magnetic Reynolds number
Rmcr for the shear-current dynamo versus the hydrody-
namic Reynolds numbers Re for a random flow with a scale-
independent correlation time and q = 0 (solid line) and q = 2
(dashed-dotted line). The dashed line is Prm = ν/η = 1.
scale-independent correlation time is shown in Fig. 2 (for
q = 0). The function σ
B
(Rm) for the exponent q = 2 is
similar to that for q = 0. The threshold in the magnetic
Reynolds number Rmcr required for the shear-current dy-
namo versus the hydrodynamic Reynolds numbers Re is
shown in Fig. 3. Figure 3 demonstrates that the hydro-
dynamic and magnetic Reynolds numbers can be of the
order of 1 in order to maintain the shear-current dynamo
and there is no need for a developed inertial range.
The mean-field dynamo instability due to shear-
current effect is saturated by nonlinear effects. A dynam-
ical nonlinearity in the mean-field dynamo which deter-
mines the evolution of small-scale magnetic helicity, is of
a great importance due to the conservation law for the
total (large and small scales) magnetic helicity in turbu-
lence with very large magnetic Reynolds numbers (see,
e.g., [26, 27, 28, 29, 30, 31, 32, 33], and a review [7]).
In particular, the mean-field dynamo is essentially non-
linear due to the evolution of the small-scale magnetic
helicity ([28]). Even for very small mean magnetic field
the magnetic α effect that is related to the small-scale
magnetic helicity, is not small.
The nonlinear mean-field dynamo due to a shear-
current effect has been studied in [15], whereby the trans-
port of magnetic helicity as a dynamical nonlinearity has
been taken into account. It has been demonstrated in [15]
that the magnetic helicity flux strongly affects the mag-
netic field dynamics in the nonlinear stage of the shear-
current dynamo. Numerical solutions of the nonlinear
mean-field dynamo equations which take into account the
shear-current effect (see [15]), show that if the magnetic
helicity flux is not small, the saturated level of the mean
magnetic field is of the order of the equipartition field de-
termined by the turbulent kinetic energy. The results of
this study are in a good agreement with numerical sim-
ulations performed in [8, 50, 51]. Note that a non-zero
magnetic helicity flux is related to open boundary con-
ditions (see [30, 31], and a review [7]). Finally, we point
out an important issue related to the gauge invariance
formulation for the magnetic helicity that is described in
details in [7, 52].
VI. DISCUSSION
We study effects of kinetic helicity fluctuations in a
homogeneous turbulence with large-scale shear using the
spectral tau-approximation and the second order correla-
tion approximation (SOCA). We show that homogeneous
kinetic helicity fluctuations alone with a zero mean can-
not cause a large-scale dynamo in a sheared turbulence.
This negative result based on SOCA and tau approach,
is a quantitative one: the sign of a certain coefficient in
the mean electromotive force (∝ −σα) turns out to be
unfavorable for the mean-field dynamo. This result is
in a contradiction to that suggested in [23] using phe-
nomenological arguments. In order to compare with the
results obtained in [23], we rewrite Eqs. (21) and (22) in
the following form:
∂A¯
∂t
= σ
S
S l20 B¯
′
y + η˜T A¯
′′ , (43)
∂B¯y
∂t
= −S A¯′ + η˜
T
B¯′′y , (44)
where the mean magnetic field, B¯ = B¯y(z) ey +
∇×[A¯(z) ey]. Equation (44) is similar to Eq. (8) derived
in [23], whereby Ω′ is replaced by −S, while Eq. (43) is
similar to Eq. (9) derived in [23].
The first term in the right hand side of Eq. (43) de-
termines two different effects, namely the shear-current
9effect ∝ σ
B
S B¯′y and the effect ∝ −σα S B¯′y caused
by the homogeneous kinetic helicity fluctuations in a
sheared turbulence. The shear-current effect results in
the mean-field dynamo, while the second effect (∝ −σα)
acts against the mean-field dynamo (see Eqs. (18)-(20)
and (32)). These two effects can be interpreted as the
off-diagonal terms in the tensor of turbulent magnetic
diffusion, and they cannot be reduced to the standard α
effect.
Note that the first term in the right hand side of
Eq. (43) that determines the effect of homogeneous ki-
netic helicity fluctuations in a sheared turbulence, is sim-
ilar to the first term in the right hand side of Eq. (9)
derived in [23] except for it has opposite sign. The latter
is crucial for the mean-field dynamo. In this comparison
we have not taken into account the shear-current effect
determined by the coefficient σ
B
, because this effect has
not been considered in [23]. The results obtained in the
present study are derived using the rigorous mean field
theory based on SOCA (see Sec. IV). These results are
also in a good agreement with those obtained by the tau-
approach (see Sec. III). On the other hand, the results
of derivation performed in [23] by phenomenological ar-
guments using ad hoc mean-field equations are in a dis-
agreement with our results.
The shear-current effect causes the mean-field dynamo
in a homogeneous nonhelical turbulence with imposed
large-scale shear. This effect has been studied previously
(see [13, 14, 15]) only for large hydrodynamic and mag-
netic Reynolds numbers. In the present study we deter-
mine the threshold required for the shear-current dynamo
as a function of Reynolds number and demonstrate that
threshold value of the Reynolds number is of the order
of 1. This implies that there is no need for a developed
inertial range in order to maintain the shear-current dy-
namo.
In the present study we also recover the results ob-
tained in [18] (see also [1]) for a shear-free turbulence,
whereby a negative contribution of kinetic helicity fluc-
tuations to the turbulent magnetic diffusion, η(α)
T
=
−τχ 〈α˜2〉(α), and a large-scale drift velocity of the mean
magnetic field, V(α) ∝ τχ∇〈α˜2〉(α), have been found.
On the other hand, we have demonstrated that in-
homogeneous kinetic helicity fluctuations in a sheared
turbulence cause a nonzero mean alpha effect, α¯(S,α) ∝
−τ2χ S∇z〈α˜2〉(α), where the mean vorticity due to the
large-scale shear is W(S) = S ez. The mean alpha effect
α¯(S,α) is formed by a combined action of a large-scale
shear in turbulent flow and inhomogeneous kinetic helic-
ity fluctuations even when 〈α˜〉(α) = 0. The large-scale
shear and the mean alpha effect can cause a mean-field
dynamo (see [22]) that is similar to the αΩ-dynamo.
The discussed effects in this study might be impor-
tant in astrophysics (e.g., accretion discs, colliding pro-
togalactic clouds, merging protostellar clouds [16]) and
laboratory dynamo experiments. In particular, non-
symmetrical explosions of supernova may produce fluc-
tuations of kinetic helicity located in larger scales than
small-scale turbulence existing in convective zones inside
stars. On the other hand, the shear-current dynamo acts
together with the α-shear dynamo which is similar to the
αΩ dynamo. The shear-current effect does not quenched
(see [14, 15]) contrary to the quenching of the nonlinear
α effect, the turbulent magnetic diffusion, the effective
drift velocity. This implies that the shear-current effect
might be the only surviving effect, which can explain the
origin of large-scale magnetic fields in sheared astrophys-
ical turbulence.
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APPENDIX A: DERIVATION OF EQS. (9)
AND (12) USING THE τ -APPROACH
In order to study the effect of kinetic helicity fluctua-
tions in a sheared turbulence we use a procedure applied
in [14] for a sheared turbulence. Let us derive equations
for the second moments. To exclude the pressure term
from the equation of motion (1) we calculate∇×(∇×u).
Then we rewrite the obtained equation and Eq. (2) in a
Fourier space. We also apply the two-scale approach,
e.g., we use large scale R = (x+ y)/2, K = k1 + k2 and
small scale r = x−y, k = (k1−k2)/2 variables (see, e.g.,
[53]). We derive equations for the following correlation
functions:
fij(k) = Lˆ(ui;uj) , hij(k) = Lˆ(bi; bj) ,
gij(k) = Lˆ(bi;uj) , (A1)
where
Lˆ(a; c) =
∫
〈a(k+K/2)c(−k+K/2)〉
× exp (iK·R)dK ,
where 〈...〉 denotes averaging over ensemble of turbulent
velocity field. The equations for these correlation func-
tions are given by
∂fij(k)
∂t
= i(k·B)Φij + Ifij + ISijmn(U)fmn
+Nˆfij + Fij , (A2)
∂hij(k)
∂t
= −i(k·B)Φij + Ihij + ESijmn(U)hmn + Nˆhij ,
(A3)
∂gij(k)
∂t
= i(k·B)[fij(k) − hij(k)− h(H)ij ] + Igij
+JSijmn(U)gmn + Nˆ gij , (A4)
(see [14]), where hereafter we omit argument t and R
in the correlation functions and neglect small terms ∼
10
O(∇2). Here Fij is related to the forcing terms and ∇ =
∂/∂R. In Eqs. (A2)-(A4), Φij(k) = gij(k) − gji(−k),
and Nˆfij , Nˆhij , Nˆ gij , are the third-order moment
terms appearing due to the nonlinear terms which include
also molecular dissipation terms. The tensors ISijmn(U),
ESijmn(U) and J
S
ijmn(U) are given by
ISijmn(U) =
[
2kiqδmpδjn + 2kjqδimδpn − δimδjqδpn
−δiqδjnδpm + δimδjnkq ∂
∂kp
]
∇pUq ,
ESijmn(U) =
[
δimδjqδpn + δjmδiqδpn
+δimδjnkq
∂
∂kp
]
∇pUq ,
JSijmn(U) =
[
2kjqδimδpn − δimδpnδjq + δjnδpmδiq
+δimδjnkq
∂
∂kp
]
∇pUq ,
where kij = kikj/k
2. The source terms Ifij , I
h
ij
and Igij which contain the large-scale spatial derivatives
of the magnetic field B, are given in [14]. Next, in
Eqs. (A2)-(A4) we split the tensor for magnetic fluc-
tuations into nonhelical, hij , and helical, h
(H)
ij , parts.
The helical part of the tensor of magnetic fluctuations
h
(H)
ij depends on the magnetic helicity and it follows from
the magnetic helicity conservation arguments (see, e.g.,
[26, 27, 28, 29, 30, 33]). We also use the spectral τ
approximation which postulates that the deviations of
the third-moment terms, NˆM (III)(k), from the contri-
butions to these terms afforded by the background tur-
bulence, NˆM (III,0)(k), are expressed through the similar
deviations of the second moments,M (II)(k)−M (II,0)(k)
[see Eq. (3)].
We take into account that the characteristic time of
variation of the magnetic field B is substantially larger
than the correlation time τ(k) for all turbulence scales.
This allows us to get a stationary solution for Eqs. (A2)-
(A4) for the second-order moments, M (II)(k), which are
the sum of contributions caused by a shear-free turbu-
lence, a sheared turbulence and kinetic helicity fluctua-
tions. The contributions to the mean electromotive force
caused by a shear-free turbulence and the sheared tur-
bulence without kinetic helicity fluctuations are given in
[14]. On the other hand, the contributions to the electro-
motive force caused by a combined action of the sheared
turbulence and the kinetic helicity fluctuations, are given
by E(S,α)m = εmji
∫
g
(S,α)
ij (k) dk, where the correspond-
ing contributions to the cross-helicity tensor g
(S,α)
ij in the
kinematic approximation, are given by
g
(S,α)
ij (k) = iτ
[
JSijmn τ (k·B) + τ (k·B) ISijmn
]
f (0,χ)mn ,
(A5)
where f
(0,χ)
ij ≡ 〈ui uj〉(0,χ) = −i χv εijn knEχ(k)/(8πk4)
is the helical part of the velocity fluctuations. Straight-
forward calculations using Eq. (A5) yields the contribu-
tions α
(S,α)
ij to the α tensor caused by a combined action
of the sheared turbulence and the kinetic helicity fluctu-
ations, that is determined by Eq. (9). The total α tensor
is given by αij = α˜ δij + α
(S,α)
ij , where α˜ δij determines
a shear-free turbulence contribution. This procedure al-
lows us to derive the equation for the evolution of the
magnetic field B that is given by Eq. (7).
Using Eq. (7) we derive equation for the correla-
tion function〈αijBp〉(α) that is given by Eq. (11), where
〈...〉(α) denote an averaging over random α fluctuations.
Equation (11) include the third-order moments caused
by the nonlinear terms. In Eq. (11) we use the spectral τ
approximation (3), where the large-scale relaxation time
is of the order of τχ. We also take into account that the
characteristic time of variation of the mean magnetic field
B¯ = 〈B〉(α) is substantially larger than the relaxation
time τχ. This yields the correlation function 〈αijBj〉(α):
〈αijBj〉(α) = τχ
2
{
2εjkm
[
B¯n
(
δij 〈α˜∇k α(S,α)mn 〉(α)
+δmn 〈α(S,α)ij ∇k α˜〉(α)
)
+
(∇k B¯n)
(
δij 〈α˜ α(S,α)mn 〉(α)
+δmn 〈α(S,α)ij α˜〉(α)
)]
+
[
δij + τχ
(∇jU (S)i )] [2J¯j
−(B¯×∇)j
] 〈α˜2〉(α)
}
, (A6)
where J¯ = ∇×B¯. We consider for simplicity a lin-
ear mean velocity shear U(S) = (0, Sx, 0) and W(S) =
(0, 0, S), where S τ0 ≪ 1. The mean magnetic field B¯
in a most simple form is B¯ = (B¯x(z), B¯y(z), 0). Equa-
tion (A6) allows us to determine the correlation function
〈αyjBj〉(α) that is given by Eq. (12).
APPENDIX B: DERIVATION OF EQ. (31) USING
THE SOCA-APPROACH
In order to study the effect of kinetic helicity fluctu-
ations in a turbulence with large-scale shear we use a
second order correlation approximation (SOCA) applied
in [24] for a sheared turbulence. To exclude the pres-
sure term from the equation of motion (1) we calculate
∇×(∇×u), then we rewrite the obtained equation and
Eq. (2) in a Fourier space, apply the two-scale approach
(i.e., we use large-scale and small-scale variables), and
we neglect nonlinear terms in Eqs. (1) and (2). On
the other hand, we keep molecular dissipative terms in
these equations. We seek for a solution for fluctuations
of velocity and magnetic fields as an expansion for weak
velocity shear:
u = u(0) + u(1) + ... , (B1)
b = b(0) + b(1) + ... , (B2)
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where
b
(0)
i (k, ω) = Gη(k, ω)
[
i(k·B)δij −
(
δij km
∂
∂kn
+δimδjn
)
(∇nBm)
]
u
(0)
j (k, ω) , (B3)
u
(1)
i (k, ω) = Gν(k, ω)
[
2kiqδjp + δij kq
∂
∂kp
−δiqδjp
]
(∇pUq)u(0)j (k, ω) , (B4)
b
(1)
i (k, ω) = Gη(k, ω)
{[
i(k·B)δij −
(
δij km
∂
∂kn
+δimδjn
)
(∇nBm)
]
u
(1)
j (k, ω)
+
[
δij kq
∂
∂kp
+ δiqδjp
]
(∇pUq) b(0)j (k, ω)
}
,
(B5)
(for details see [24]). Here Gν(k, ω) = (νk
2 − iω)−1 and
Gη(k, ω) = (ηk
2 − iω)−1.
Equations (B3)-(B5) allow us to determine the cross-
helicity tensor g
(1)
ij = (〈b(1)i u(0)j 〉+〈b(0)i u(1)j 〉+〈u(0)j b(1)i 〉+
〈u(1)j b(0)i 〉)/2. This procedure yields the contributions,
E(S,α)m = εmji
∫
g
(1,S,α)
ij (k, ω) dk dω, to the electromotive
force caused by a combined action of the sheared turbu-
lence and the kinetic helicity fluctuations. In particular,
the α tensor caused by the kinetic helicity fluctuations in
a sheared turbulence reads:
α
(S,α)
ij = D1 (∂U)
(S)
ij +D2 εijnW
(S)
n , (B6)
where
D1 =
1
60
∫ (
Gη
(
11Gν + 11G
∗
ν + 5Gη
)
+G∗η
(
Gν
+11G∗ν + 5G
∗
η
)
+ 4k
{
GηG
′
η +
[
Gη(Gν +G
∗
ν)
+G∗ηG
∗
ν
]′
+G∗η(Gν +G
∗
η)
′
})
E˜χ(k, ω) dk dω ,
(B7)
D2 =
1
24
∫ [
Gη
(
Gη −Gν −G∗ν
)
+G∗η
(
Gν
−G∗ν
)]
E˜χ(k, ω) dk dω . (B8)
Here E(k, ω) = E˜(k, ω)/8πk2 and we integrate over
the angles in k space. The total α tensor is given by
αij = α˜ δij + α
(S,α)
ij , where α˜ δij determines a shear-
free turbulence contribution. Let us consider the fol-
lowing model for the spectrum function E˜χ(k, ω) =
C˜χ k
−1
0 (k/k0)
−q δ(ω). Then integration over k and ω in
Eqs. (B7) and (B8) yields the contributions to the α ten-
sor caused by a combined action of the sheared turbu-
lence and the kinetic helicity fluctuations. In particular,
the tensor α
(S,α)
ij is given by Eq. (26).
In the scales l0 ≪ l ≪ lχ there are fluctuations of
kinetic helicity χv (or fluctuations of α˜). Now we de-
termine the correlation function 〈αijBp〉(α). To this end
we use Eq. (7) in which η
T
is replaced by η + η
T
and
the nonlinear terms are neglected. Solving this equa-
tion in a Fourier space we determine the magnetic field
Bj(K˜,Ω), where the wave number K˜ and the frequency
Ω are in the spatial scales l0 ≪ l ≪ lχ and the time scales
τ0 ≪ τ ≪ τχ. Multiplying the magnetic field Bj(K˜,Ω)
by the tensor αij = α˜ δij + α
(S,α)
ij and averaging over ki-
netic helicity fluctuations we determine the correlation
function 〈αijBj〉(α):
〈αijBj〉(α) = 1
2
∫
GT
{
2εjkm
[
B¯n
(
δij 〈α˜∇k α(S,α)mn 〉(α)
+δmn 〈α(S,α)ij ∇k α˜〉(α)
)
+
(∇k B¯n)
(
δij 〈α˜ α(S,α)mn 〉(α)
+δmn 〈α(S,α)ij α˜〉(α)
)]
+
[
δij +
(∇pU (S)q )
(
δjpδiq
+δij K˜q
∂
∂K˜p
)
GT
] [
2J¯j − (B¯×∇)j
] 〈α˜2〉(α)
K˜
}
dK˜ dΩ ,
(B9)
where GT (K˜,Ω) = (ηT K˜
2 − iΩ)−1. We consider a
linear mean velocity shear U(S) = (0, Sx, 0) and as-
sume that the mean magnetic field B¯ has a form: B¯ =
(B¯x(z), B¯y(z), 0). This allows us to simplify Eq. (B9)
and to determine the correlation function 〈αyjBj〉(α) (see
Eq. (31)).
[1] H. K. Moffatt, Magnetic Field Generation in Electrically
Conducting Fluids (Cambridge University Press, New
York, 1978).
[2] E. Parker, Cosmical Magnetic Fields (Oxford University
Press, New York, 1979).
[3] F. Krause, and K. H. Ra¨dler, Mean-Field Magnetohy-
drodynamics and Dynamo Theory (Pergamon, Oxford,
1980).
[4] Ya. B. Zeldovich, A. A. Ruzmaikin, and D. D. Sokoloff,
Magnetic Fields in Astrophysics (Gordon and Breach,
New York, 1983).
[5] A. Ruzmaikin, A. M. Shukurov, and D. D. Sokoloff, Mag-
netic Fields of Galaxies (Kluwer Academic, Dordrecht,
1988).
[6] M. Ossendrijver, Astron. Astrophys. Rev. 11, 287 (2003).
[7] A. Brandenburg and K. Subramanian, Phys. Rept. 417,
1 (2005).
[8] A. Brandenburg, Astrophys. J. 625, 539 (2005).
[9] T. A. Yousef, T. Heinemann, A. A. Schekochihin, N.
Kleeorin, I. Rogachevskii, A. B. Iskakov, S. C. Cow-
ley and J. C. McWilliams, Phys. Rev. Lett., submitted,
ArXiv: 0710.3359 (2007).
12
[10] A. Brandenburg, K.-H. Ra¨dler, M. Rheinhardt and P. J.
Ka¨pyla¨, Astrophys. J. 676, 740 (2008).
[11] J.-F. Donati, F. Paletou, J. Bouvier, J. Ferreira, Nature
438, 466 (2005); K. T. Chyzy, R. Beck, S. Kohle, U.
Klein, M. Urbanik, Astron. Astrophys. 355, 128 (2000);
B. M. Gaensler, M. Haverkorn, L. Staveley-Smith, J.
M. Dickey, N. M. McClure-Griffiths, J. R. Dickel, M.
Wolleben, Science 307, 1610 (2005).
[12] R. Monchaux, M. Berhanu, M. Bourgoin, M. Moulin, Ph.
Odier, J.-F. Pinton, R. Volk, S. Fauve, N. Mordant, F.
Petrelis, A. Chiffaudel, F. Daviaud, B. Dubrulle, C. Gas-
quet, L. Marie, F. Ravelet, Phys. Rev. Lett. 98, 044502
(2007).
[13] I. Rogachevskii and N. Kleeorin, Phys. Rev. E 68, 036301
(2003).
[14] I. Rogachevskii and N. Kleeorin, Phys. Rev. E 70, 046310
(2004); Phys. Rev. E 75, 046305 (2007).
[15] I. Rogachevskii, N. Kleeorin and E. Liverts, Geophys.
Astrophys. Fluid Dynam. 100, 537 (2006).
[16] I. Rogachevskii and N. Kleeorin, A.D. Chernin and E.
Liverts, Astron. Nachr. 327, 591 (2006).
[17] Y. Ponty, P. D. Mininni, D. C. Montgomery, J.-F. Pinton,
H. Politano, A. Pouquet, Phys. Rev. Lett. 94, 164502
(2005).
[18] R. H. Kraichnan, J. Fluid Mech. 77, 753 (1976).
[19] D. D. Sokolov, Astron. Reports 41, 68 (1997).
[20] S. Fedotov, Phys. Rev. E 68, 067301 (2003); S. Fedotov,
I. Bashkirtseva and L. Ryashko, Phys. Rev. E 73, 066307
(2006).
[21] E. T. Vishniac and A. Brandenburg, Astrophys. J. 475,
263 (1997).
[22] N. A. Silant’ev, Astron. Astrophys. 364, 339 (2000).
[23] M. R. E. Proctor, Mon. Not. R. Astron. Society: Letters,
382, L39 (2007).
[24] K.-H. Ra¨dler and R. Stepanov, Phys. Rev. E 73, 056311
(2006).
[25] G. Ru¨diger and L. L. Kitchatinov, Astron. Nachr. 327,
298 (2006).
[26] N. Kleeorin, and A. Ruzmaikin, Magnetohydrodynamics
No. 2, 17 (1982).
[27] N. Kleeorin, I. Rogachevskii, and A. Ruzmaikin, So-
lar Phys. 155, 223 (1994); Astron. Astrophys. 297, 159
(1995).
[28] A. V. Gruzinov, and P. H. Diamond, Phys. Rev. Lett.,
72, 1651 (1994); Phys. Plasmas 2, 1941 (1995).
[29] N. Kleeorin and I. Rogachevskii, Phys. Rev. E 59, 6724
(1999).
[30] N. Kleeorin, D. Moss, I. Rogachevskii and D. Sokoloff,
Astron. Astrophys. 361, L5 (2000); 387, 453 (2002);
400, 9 (2003).
[31] E. G. Blackman and G. Field, Astrophys. J. 534, 984
(2000).
[32] E. T. Vishniac and J. Cho, Astrophys. J. 550, 752 (2001).
[33] E. G. Blackman and A. Brandenburg, Astrophys. J. 579,
359 (2002).
[34] A. S. Monin and A. M. Yaglom, Statistical Fluid Mechan-
ics (MIT Press, Cambridge, Massachusetts, 1975).
[35] W. D. McComb, The Physics of Fluid Turbulence
(Clarendon, Oxford, 1990).
[36] S. A. Orszag, J. Fluid Mech. 41, 363 (1970).
[37] A. Pouquet, U. Frisch, and J. Leorat, J. Fluid Mech. 77,
321 (1976).
[38] N. Kleeorin, I. Rogachevskii, and A. Ruzmaikin, Zh.
Eksp. Teor. Fiz. 97, 1555 (1990) [Sov. Phys. JETP 70,
878 (1990)].
[39] N. Kleeorin, M. Mond, and I. Rogachevskii, Astron. As-
trophys. 307, 293 (1996).
[40] E. G. Blackman and G. B. Field, Phys. Rev. Lett. 89,
265007 (2002); Phys. Fluids 15, L73 (2003).
[41] G. Field and E. G. Blackman, Astrophys. J. 572, 685
(2002).
[42] A. Brandenburg, P. Ka¨pyla¨, and A. Mohammed, Phys.
Fluids 16, 1020 (2004).
[43] A. Brandenburg and K. Subramanian, Astron. Astro-
phys. 439, 835 (2005).
[44] S. Sur, K. Subramanian and A. Brandenburg, Mon. Not.
Roy. Astron. Soc. 376, 1238 (2007).
[45] A. Brandenburg and K. Subramanian, Astron. Nachr.
328, 507 (2007).
[46] I. Rogachevskii and N. Kleeorin, Phys. Rev. E 76, 056307
(2007).
[47] Ya. B. Zeldovich, A. A. Ruzmaikin, and D. D. Sokoloff,
The Almighty Chance (Word Scientific Publ., Singapore,
1990).
[48] A. P. Kazantsev, Sov. Phys. JETP 26, 1031 (1968); I. Ro-
gachevskii and N. Kleeorin, Phys. Rev. E 56, 417 (1997);
S. Boldyrev and F. Cattaneo, Phys. Rev. Lett. 92, 144501
(2004).
[49] A. A. Schekochihin, S. C. Cowley, S. F. Taylor, J. L.
Maron and J. C. McWilliams, Astrophys. J. 612, 276
(2004); A. A. Schekochihin, A. B. Iskakov, S. C. Cowley,
J. C. McWilliams, M. R. E. Proctor, T. A. Yousef, New
J. Phys. 9 300 (2007).
[50] A. Brandenburg, N. E. L. Haugen, P. J. Ka¨pyla¨ and C.
Sandin, Astron. Nachr. 326, 174 (2005).
[51] A. Brandenburg and K. Subramanian, Astron. Nachr.
326, 400 (2005).
[52] K. Subramanian and A. Brandenburg, Astrophys. J. 648,
L71 (2006).
[53] P. H. Roberts and A. M. Soward, Astron. Nachr. 296, 49
(1975).
